The Distribution of PageRank Follows a Powerlaw
only for Particular Values of the Damping Factor
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The empirical distribution of PageRank in a large
sample of Web pages does not follow a powerlaw
except for particular choices of the damping factor.
The tail, comprising 5%10% of the nodes, always
follows a power law, but the distribution for the
remaining 90%95% of pages varies.
This was observed in several Web samples having
from 1 to 50 million pages with damping factors from
0.1 to 0.9 and the resulting behavior was very
similar, specially if we restrict the sample to the
main strongly connected component.

DoublePareto Model
As in [Mitzenmacher 2003], we can fit the powerlaw to the body and the tail
of the distribution separately, as in the figure on the right.
Given that the minimum value of PageRank is the baseline probability
(1-α / N) if we assume the following:
(i) The exponent of the body is equal to the exponent of the tail
(ii)The distribution is normalized to 1, as in the case of PageRank
(iii) N >> 1
... we can show that the intersection point of the first figure, 1-F(1/N) does
not depend on N:

1-F(1/N) ≃ (1-α)

θ-1

If we accept the hypothesis in [Pandurangan et al. 2002], that is, the power
law exponent for the distribution of the tail of the PageRank values is the
same as for the indegree of pages, then:
●
In our collection of 1 million nodes with θ=2.2 and α=0.85, the
value predicted for 1F(1/N) is 0.10 and the observed 0.12

●

In the WebBase collection of 130 million documents with θ=2.07

and α=0.85 the predicted value is 0.13, and the 0.16

Conjecture
In a graph with powerlaw exponent θ for the
indegree, calculating PageRank with:
1
α=
θ–1
Yields a powerlaw over the entire range of values
Examples: θ=2.1, then α=0.90 yields a powerlaw
θ=2.2, then α=0.83 yields a powerlaw

Lognormal + Baseline Model
Let X be a random variable distributed according to
a lognormal distribution. We propose the
following model for the PageRank distribution:
X + (1-α)/N
To obtain the lognormal parameters, we fit this to
the distribution of PageRank with α=0.99. Then
using the same parameters, we can fit the
PageRank distribution obtained with other damping
factors with high precision.

Fit with our model:

Fit with a powerlaw:

Conclusions
The PageRank distribution has been reported as a powerlaw because of the damping factor typically used (0.850.90)
Tuning the damping factor carefully to have a single powerlaw over the entire range could be useful if we want to combine
the PageRank values with other scoring functions, as in that case log(PageRank) has a uniform distribution.
A lognormal distribution plus a baseline probability, given by the random jumps, is a good approximation of the distribution of
PageRank in the general case.
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